In this paper the problem of stabilizing uncertain linear discrete-time systems under state and control linear constraints is studied. Many formulations of this problem have been given in the literature. Here we consider the case of finding a linear state feedback control law making a given polytope in the state space positively invariant while the control remains bounded within prefixed values under the effect of all the uncertainty sequences belonging to a given polytope in the perturbations space. A necessary and sufficient condition for the existence of a solution of this problem is first given. This condition leads to a set of linear constraints which can be solved using linear programming tecniques by defining an appropriate objective function. A worked example shows the effectiveness of the proposed algorithm.
INTRODUCTION
In most practical applications the designer has to face a number of limitations due to physical and technological constraints on the controls (e.g., saturations), state (e.g., maintaining the linearity assumptions) and to the effect of uncertainties on the model parameters (e.g., ageing). The current problem asks for the design of a controller such that the closed-loop system does not violate the control and state constraints despite the uncertainties affecting the system. In the literature one can find many different mathematical formulations of the problem we are considering (see, for example, References 1-8), however, in the following, we will draw particularly from References 9-17. An interesting overview can be found in Reference 18. In this paper the problem of stabilizing uncertain linear discrete-time systems under state and control linear constraints is studied. We consider the case of finding a linear state feedback control law making a given polytope in the state space positively invariant while the control remains bounded within prefixed values under the effect of all the uncertainty sequences belonging to a given polytope in the perturbations space.
The paper is organized as follows: in Section 2 the problem is formally stated and in Section 3 a necessary and sufficient condition for the existence of a solution of the problem is ¹his paper was recommended for publication by editor M. D. Di Benedetto given in terms of the polytope's vertices. This condition leads to a set of linear constraints which can be solved using linear programming techniques by defining an appropriate objective function. Moreover, in Section 3 the relationships between asymptotic stability, existence of a positively invariant polytope and stability are clarified for the nominal system and for the perturbed one. It is there pointed out that one has to be careful when dealing with uncertainty sequences which vary with time. In Section 4 the linear programming approach is described and a worked example (taken from Reference 17) shows the effectiveness of the proposed method.
PROBLEM STATEMENT
Consider a single input linear uncertain discrete-time system described by the difference equation
where the state vector x31L and the input u31 is subject to the constraint
The uncertainty vector q31J is assumed to vary in a polytope QL1J such that 03int(Q) and affects the parameters of the system in such a way that
where q G is the ith component of q and A , b are the nominal values of the parameters. We will assume in the sequel the pair (A(q), b(q)) to be controllable for every q3Q.
Given a polytope PL1L containing the origin, the problem is to find a linear state feedback control law
such that P is positively invariant with respect to the motions of the closed-loop system
while the control does not violate the constraints (2) under the effect of all the bounded uncertainty sequences, i.e., x(k)3P, u )u(i))u , and q(i)3Q for i"0, 1, 2 , k and for each
It is important, at this stage, to know whether a given system possesses, at least an invariant polytope under a stabilizing feedback control. The following section is devoted to the solution of this problem which has been tackled in Reference [18] in the case of systems without uncertainties.
INVARIANCE CONDITIONS
A non-negative matrix S is said to be substochastic provided that G s GH )1, where the s GH 's are the entries of S. The polytope P, with 03P, can be expressed as P"conv (P) where P31L
; K is the matrix whose columns are the vertices v P , 2 , vK P of P so that for every p3P one can write
Moreover, since 03int(Q), one is allowed to write
Proposition 1
The polytope P is positively invariant with respect to the motions of the nominal closed-loop system
if and only if there exists a substochastic matrix S such that
Proof. (Necessity) The invariance property of P implies conv((A #b f 2 )P)LP, namely, each vertex vG P of P is mapped onto P. It follows that (A #b f 2 )vG P is a convex combination of the vertices of P from which (7) follows.
(Sufficiency) Consider a vector p3P such that p" G G vG P with G G )1 and G *0 for i"1, 2, 2 , m. From (7) follows that the transformed vector is
The following proposition has been proved also in References 11 and 12 and is given for the sake of making the paper self-contained.
Proposition 2
The polytope P is positively invariant with respect to the motions of the perturbed closed-loop system (5) if and only if it is positively invariant with respect to the motions of the closed-loop systems corresponding to each vertex vG Q of the set Q.
Proof. (Sufficiency)
The state x(k#1), starting from a state x(k)3P is the following
recalling that we can choose H H "1 then
from which follows x(k#1)3P.
(Necessity) Since P is positively invariant for every g3Q, in particular, is positively invariant when considering its vertices vG Q . )
From Propositions 1 and 2 directly follows:
Theorem 3
The polytope P is positively invariant with respect to the motions of the perturbed closed-loop system (5) if and only if there exist l substochastic matrices S G such that
We study next the problem of existence of a positively invariant polytope for the system (6) without restraints on the control.
Theorem 4
The existence of an asymptotically stabilizing feedback control law for the nominal system (6) implies the existence of a positively invariant polytope P with respect to the motions of the closed-loop system (6).
Proof. Let us consider r(r*n#1) vectors
and the F-invariant set P
with F"A #b f 2. For each of the r sequences +FIv G , there exists an integer kM such that
as the system asymptotically stable. Each sequence +FIv G , for k"0, 1, 2 , kM !1 generates a polytope and, since the convex combination of polytopes is still a polytope, then the set P is an invariant polytope.
The converse of the previous theorem is not generally true. Moreover, as also discussed in Reference 11, asymptotic stability P existence of a positively invariant polytope P stability and each of the arrows cannot be reversed. To show that stability does not imply the existence of a positively invariant polytope, consider, for the sake of illustration, the stable system described by
where / is an irrational number. This system cannot have a positively invariant polytope. To see this assume it has one and consider the evolution starting from an edge v of the polytope; it is easily seen that, as kPR, this evolution covers a circumference, thus contradicting the assumption. It has been shown in Reference 19 that the stability of an homogeneous system implies the existence of a positively invariant polytope if and only if it is assumed that each eigenvalue of the system is simple and has a phase which is a rational multiple of . To show that the existence of a positively invariant polytope does not imply asymptotic stability, consider the system described by
which is not asymptotically stable but possesses the invariant polytope
It is noteworthy that in the case of uncertain systems like (1) the asymptotic stability of the closed-loop system at each point of the polytope Q, i.e., the condition (A(q)#b(q) f 2 )(1 for every q3Q (10) where (A) denotes the spectral radius of A, does not imply the existence of a positively invariant polytope with respect to the motions of the perturbed closed-loop system. To see this consider the following Finally, the existence of a positively invariant polytope does not imply the asymptotic stability of an uncertain system even if condition (10) does hold. To see this, consider the following
where 
A LINEAR PROGRAMMING APPROACH
The problem of finding a linear state feedback control leaving a given polytope P invariant has been shown, by Proposition 1, to be the same as satisfying (7), i.e., a set of inequalities which are linear in the unknown variables s HG and f G . In this context, it is natural to try to find the 'best' solution using a linear objective function so that very powerful tools can be effectively used. The same approach has been proposed, for example, in [Reference 17] but a different set of constraints and an objective function whose minimization increases the rate of convergence of the state variable to the origin with respect to a distance related to the polytope P, have been considered. The main problem of the approach in [ Reference 17] is that the definition of this distance may be quite different from the Euclidean one so that the actual convergence to the origin may be quite slow.
In trying to improve the asymptotic stability of the closed-loop system we will make use of the well-known fact (see Reference 20) that the spectral radius (S) of a non-negative matrix S is such that (S)) GH s GH . Consequently, we define the following linear programming problem
where equality (a) comes from Proposition 1, (b) from constraints (2) for every p3P, and (c) and (d) ensure the substochasticity condition on S.
Remark. Since the matrix P is full rank, then the spectrum of A #b f 2 is a subset of those of S. This means that it is unavoidable to consider the possibility that minimizing the upper bound of (S) in (11) does not imply that of (A #b f 2 ). If this is the case, however, a solution of the invariance problem under feedback is given.
It is clear that once P-invariance is obtained, the closed-loop system is stable. On the other hand, no such guarantee can be given for asymptotic stability so that this property has to be checked for the solution obtained from (11) . A sufficient condition ensuring asymptotic stability is, for example, that all the constraints (c) strictly hold. It is important to note that asymptotic stability is not guaranteed also in the approach proposed in References 12 and 17.
Example
Consider the constrained regulation problem described in Reference 17.
The control is subject to the constraints "u(k)")7 and the polytope P is
The linear state feedback control proposed in Reference 17 is
and the closed-loop eigenvalues result to be "0)7601, "!0)5951. By solving (11) one obtains
Since S is such that conditions (c) strictly hold, asymptotic stabilty is assured. In fact, the closed-loop eigenvalues result to be "0)7583, "0. The state-space trajectories emanating from the vertices of the polytope and the corresponding controls are depicted in Figure 2 for both methods. Note that, in this case, both approaches ensure asymptotic stability, but the one presented in this paper yields a better rate of convergence and leads to considerably less input magnitude. The different performances experienced in this example can be explained, as previously noted, by taking into account the fact that in [Reference 17] the rate of convergence defined over the metric induced by the polytope (which is never the usual Euclidean one), is minimized. Nevertheless, using (14) yields a better rate of convergence also with respect to such a metric.
In order to tackle the problem treated in this paper when uncertainties are taken into account, we resort to Theorem 3 and, using the same arguments of the unperturbed case, we define the following linear programming problem
where equality (a) comes from Theorem 3, (b) from contraints (2) for every p3P, and (c) and (d) ensure the substochasticity condition on each S F . Note that the chosen objective function is a majorization of the sum of the spectral radii of the matrices S F . 
Consider the uncertain system
for which the nominal system (i.e., the one obtained setting q "q "0) is the one described by equation (12) and consider the same input and state constraints as in the previous example. The polytope Q is defined as follows Note that the control law (14) , designed on the basis of the nominal system, does not fulfil the requirements of Theorem 3, as shown in Figure 3 where the trajectories emanating from the vertices of the polytope P are depicted for q(k)" (0) Figure 4 . Perturbed closed-loop system state-space trajectories (for the vertices of Q) emanating from the vertices of P when applying the feedback control law proposed in this paper Figure 3 . Perturbed closed-loop system state-space trajectories emanating from the vertices of P when applying the feedback control law calculated for the nominal system and in Figure 4 the trajectories emanating from the vertices of the polytope P are depicted for q(k) constant and equal to each vertex of the polytope Q. The corresponding control sequences do not violate the constraints, as shown in Figure 5 . It is clear, however, that from Proposition 2, the control law just found solves the problem even if the uncertainty sequence is not constant.
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